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Abstract
The phenomenon of quantum steering and probabilistic meaning of the correlations are discussed for
the state of the single qudit. The method of qubit portrait of the qudit states is used to extend the
known steering detection inequality to the system without subsystems. The example of the X-state
with j = 3/2 is studied in detail.
Keywords: steering, X - states, entanglement, noncomposite systems.81P40, 81Q80
1 Introduction
The notion of the quantum steering was introduced by E. Schro¨dinger [1] as an answer to the famous
paper of A. Einstein, B. Podolsky and N. Rosen [2] to generalize the EPR paradox. A good overview
on these papers is given in [3]. Although, the problem was posed in 1935, the concept of the quantum
steering remains a popular topic. It seem to be a rich resource in numerous application like one-way
quantum cryptography [4, 5] or visualization of the two-qubit state tomography [6]. In [7] the EPR
steering was considered as a form of nonlocality in the quantum mechanics, that is something in between
the entanglement and the Bell nonlocality. Interesting to say that not all entangled states are steered,
and not every steerable state violate the Bell inequality. The EPR steering can be detected through the
violation of the steering inequalities [5,8–10]. However, in [4] it was shown that there are many quantum
steerable states which do not violate the known steering inequalities.
The notion of steering is highly connected with the notion of the correlation function. In [8] the
steering inequality is based on the maximum of the correlation function. In [11] the steering concept
was reformulated. The steering was considered as the ability of the first system to affect the state of
the second system through the choice of the first systems measurement basis. Since that, the concept of
the quantum steering can be introduced not only for the multipartite (joint) systems, but for all those
systems with correlations.
Recently, it was observed in [12–14] that the quantum properties of the systems without subsys-
tems (single qudit) can be formulated by using an invertible map of integers 1, 2, 3 . . . onto the pairs
(triples, etc) of integers (i, k), i, k = 1, 2, . . . (or semiintegers). For example, the single qudit state
1
j = 0, 1/2, 1, 3/2, 2, . . . can be mapped onto the density operator of the system containing the subsystems
like the state of the two qubits. Using this mapping, the notion of the separability and the entanglement
was extended in [15] to the case of the single qudit X-state with j = 3/2. With the help of the latter
mapping we can introduce the analog of the correlation function for the single qudit system. Hence, the
notion of the steering for the system without subsystems can be obtained.
The paper is organized as follows. In Sec. 2 the notion of the EPR steering is extended to the case of
the system without subsystems (single qudit). One of the known steering inequalities [8] is generalized to
the case of the single qudit with the spin j = 3/2. In Sec. 3 the probabilistic meaning of the correlations
in the single qudit system is given. In Sec. 4 the latter results are illustrated on the examples of the two
X-states - the Werner and the Gisin states of the single qudit with the spin j = 3/2.
2 Quantum Steering
Let us define the quantum state described by the following 4× 4 density matrix
ρ =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

 . (1)
The matrix (1) has the standard properties, namely, ρ = ρ†, Trρ = 1 and its eigenvalues are nonnegative.
The diagonal elements of the density matrix (1) can be considered as the components of the probability
vector −→p = (p11, p22, p33, p44),
∑
i
pii = 1, 0 ≤ pii ≤ 1. If we use the invertible mapping of indices
1 ↔ 1/2 1/2; 2 ↔ 1/2 − 1/2; 3 ↔ −1/2 1/2; 4 ↔ −1/2 − 1/2, then the matrix (1) can describe the
two-qubit state. In the case of the two particles the correlations in the system can be described by the
joint probability function
P (a, b|A,B) =
∫
pλP (a|A,λ)P (b|B,λ)dλ,
where P (a|A,λ) is a probability distribution of the measurement outcomes a under setting A for a hidden
variable λ. The hidden variable has the probability distribution pλ and its hidden state is ρλ. If the
following model of the correlation do not exist
P (a, b|A,B) =
∫
pλP (a|A,λ)Tr(pi(b|B)ρ(b)λ )dλ,
then the state is steerable [8]. The pi(b|B) is the projection operator for an observable parameterized by
the setting B and the ρ
(b)
λ is some pure state of the system B.
The EPR steering can be detected through the violation of the steering inequalities. In [8] the steering
inequality is based on the maxima of the correlation function. The quantum correlation function for the
two-qubit state is given by
E(−→m,−→n ) = Tr(−→m · −→σ ⊗−→n · −→σ ρ)
=
3∑
i,j=1
Tijminj, (2)
2
where −→σ is the vector built out of the Pauli matrix, −→m = (m1,m2,m3), −→n = (n1, n2, n3) are the
unit Bloch vectors, Tij are the components of the correlation matrix. It is known, that if the state is
non-steerable, then the following inequality is fulfilled
max
−→m,−→n
(E(−→m,−→n )) ≥ 2
3
3∑
i,j=1
Tij. (3)
Let us extend the latter steering inequality to the case of the system without subsystems.
Applying the invertible map of indices 1 ↔ 3/2, 2 ↔ 1/2, 3 ↔ −1/2, 4 ↔ −3/2, the density matrix
(1) can be rewritten as
ρ 3
2
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
 (4)
and can describe the noncomposite system of the single qudit with the spin j = 3/2. The matrix saves
the standard properties of the density matrix, e.g. ρ3/2 = ρ
†
3/2, Trρ3/2 = 1 and its eigenvalues are
nonnegative. It means that all the equalities and inequalities known for the matrix (1 (the two-qubit
system) are valid for the matrix (4) (the single qudit system). Hence, the quantum correlation function
(2) can be written also for the single qudit state and its correlation tensor has the form
T11 = ρ14 + ρ23 + ρ32 + ρ41,
T12 = (ρ14 − ρ23 + ρ32 − ρ41)i,
T13 = ρ13 − ρ24 + ρ31 − ρ42,
T21 = (ρ14 + ρ23 − ρ32 − ρ41)i,
T22 = ρ23 − ρ14 + ρ32 − ρ41, (5)
T23 = (ρ13 − ρ24 − ρ31 + ρ42)i,
T31 = ρ12 + ρ21 − ρ34 − ρ43,
T32 = (ρ12 − ρ21 − ρ34 + ρ43)i,
T33 = ρ11 − ρ22 − ρ33 + ρ44.
Needless to say that the meaning of the correlation function for the single qudit state differs from the
standard correlation function of the bipartite states.
3 Correlations in the Single Qudit State
Let us first start from the classical example of the two coins which can drop on the one (1) or on
the second (2) side. Hence we have two random variables m1, m2 and four opportunities (m1,m2) =
{(11), (12), (21), (22)} with the probabilities pij , i, j = 1, 2. Let ω(m1,m2) be the joint probability
3
function of these two random variables. There marginal probability functions can be defined as
ω1(m1) =
∑
m2
ω(m1,m2),
ω2(m2) =
∑
m1
ω(m1,m2).
Hence, the correlation between the two observations is given by 〈m1,m2〉 =
∑
m1,m2
m1m2ω(m1,m2).
However, we can be interested only in the cases when the first coin falls on the one side and the second
coin is not interesting for us. We have the two new outcomes {ω˜} with the probabilities p˜1 = p11+p12 and
p˜2 = p22+p21. If we are interested only in the second coin, analogously we have the two new outcomes ω
with the probabilities p1 = p11+ p21 and p2 = p22+ p12. The outcomes {ω} and {ω˜} are correlated. The
latter example is helpful to show the existence of the correlations in the systems without subsystems.
If we have the single qudit system with the spin j = 3/2, we can write the sample space Ω of the
four outcomes ω ∈ Ω (the values of the spin projection) |m >= {|3/2 >, |1/2 >, | − 1/2 >, | − 3/2 >}
with the probabilities p3/2, p1/2, p−1/2, p−3/2. Then we have one four-level atom, i.e. the |m >= |3/2 >
corresponds to the case when the highest (fourth) level is filled. If we are interested only in the outcomes
when the fourth or the second level of the four-level atom is filled, then we can assume that we have
the new set of two outcomes {ω1} with the probabilities p1 = p3/2 + p−1/2, p2 = p−3/2 + p1/2. If we are
interested only in the outcomes when the fourth and the third level is filled then we have another set of
the outcomes {ω2} and there probabilities are p˜1 = p3/2 + p1/2, p˜2 = p−3/2 + p−1/2. The outcomes {ω1}
and {ω2} are correlated. Hence, the correlations in the single qudit systems are between the different
combinations of the outcomes.
4 The X-state for the single qudit
The single qudit state with the spin j = 3/2 can be described by the X-state density matrix.
ρX =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44

 , (6)
where ρ11, ρ22, ρ33, ρ44 are positive reals and ρ23, ρ14 are complex quantities. The matrix (6) has the unit
trace and it is nonnegative if ρ22ρ33 ≥ |ρ23|2, ρ11ρ44 ≥ |ρ14|2 hold. For the latter density matrix the
correlation tensor (6) changes
T13 = T23 = T31 = T32 = 0. (7)
One of the examples of the X-state is given by the Werner state [16]. The single qudit with the spin
j = 3/2 can be described by the following Werner density matrix
ρW =


1+p
4 0 0
p
2
0 1−p4 0 0
0 0 1−p4 0
p
2 0 0
1+p
4

 , (8)
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Figure 1: The left (gray) and the right hand side (black) of the inequality (3) for the Werner state
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Figure 2: The left (gray) and the right hand side (black) of the inequality (3) for the Gisin state
where the parameter p satisfies the inequality −1/3 ≤ p ≤ 1. The parameter domain 1/3 < p ≤
1 corresponds to the entangled state. The correlation tensor (6) is the diagonal matrix with entries
p(1 − 1 1) and the maximum value of the correlation function (2 is p in the domain 0 < p < 1/3 and
−p in −1/3 < p ≤ 0. Hence, the inequality (3) is fulfilled if 0 < p < 1/2. Since we are interested only in
the entangled states, the parameter domain 1/3 < p < 1/2 corresponds to the steerable state. The left
and the right hand side of the inequality (3) are presented in fig. 1.
The second example is given by the single qudit state described by the Gisin density matrix
ρG =


1−x
2 0 0 0
0 x|a|2 xab∗ 0
0 xa∗b x|b|2 0
0 0 0 1−x2

 , (9)
where |a|2 + |b|2 = 1, 0 < x < 1. In [17] it is shown that the latter matrix has positive eigenvalues if
x ≤ (1+2|ab|)−1 holds. We denote it as xmax = (1+2|ab|)−1. Let us select a = 0.2. Then the correlation
tensor (6) is the diagonal matrix with entries (4
√
6x/25 4
√
6x/25 1 − 2x) and xmax = 0.718. The
maximum value of the correlation function (2) reads
2x− 1, x > 0.622; 1− 2x, x < 0.418;
4
√
6x/25, 0.418 < x < 0.622. (10)
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Hence, the inequality (3) is fulfilled for all values of the parameter x < xmax. The left and the right hand
side of the inequality (3) for the Gisin state are presented in fig. 2.
5 Summary
To conclude we point out the main results of the work. We have applied the invertible mapping techniques
[12] to introduce the steering notion for the systems without subsystems. We have shown that there exists
the correlation function for such systems. Certainly, the probabilistic meaning of the latter correlations
is different from the known correlations between the subsystems in the many partite systems. In the
single qudit systems the correlations are between the different combinations of the outcomes. Using the
latter correlation function the steering detection inequality known for the bipartite systems [8] can be
formulated for the systems without subsystems (single qudit). However, using the invertible mapping
any of the known steering inequalities can be obtained for the systems without subsystems. The obtained
results were illustrated by the classical examples of the Werner and the Gisin X-states. Therefore, we
have shown that the concept of the quantum steering can be applied to any quantum system both with
the subsystems and the single qudit.
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